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Abstract. Dunfield-Garoufalidis and Boyer-Zhang proved that the A-polynomial of a 
^^ ' nontrivial knot in S 3 is nontrivial. In this paper, we use holonomy perturbations to 

prove the non-triviality of the A-polynomial for a nontrivial, null-homotopic knot in an 
irreducible 3-manifold. Also, we give a strong constraint on the A-polynomial of a knot 
in the 3-sphere. 
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1. Introduction 



9 

In [11] . an algebraic curve Dn was associated to a compact 3-manifold N with a single 
torus boundary. We briefly review the construction: consider the variety x(7Ti(iV)) of 
characters of SL(2,&) representations of tti(N). We can restrict a representation to the 
boundary group nx(dN), which gives us a map r: x(7Ti(iV)) — > x(7Ti (T 2 )). Choose a basis 
B = {9JT, £} for the boundary group. Given two nonzero complex numbers m, I, we can 

'^ | define a SL(2, (D) representation Jr m ,t) OI> 7r i(^' 2 ) : 

(N 

cs : 7 W w = ( o m -°i) ,i(m,D(z) = ( o r ! ) (i) 

Tj - ! So we have a natural map /i : C* x C* — > x( n i(T 2 )) defined by h(m,l) := [7( m n] € 

x(vri(T 2 )). 

Now we consider /i 1 (Im(r)). The following lemma is proved in [3]. 

Lemma 1.1. T/iis algebraic set h~ l {Im(r)) C C* x C* /ias no 2-dimensional irreducible 

S^ | components. 

H ■ 

The algebraic curve Z?tv is defined to be the union of the 1-dimensional components of 

/i _1 (Im(r)). Each irreducible component of Dpj is defined by a two variable irreducible 

polynomial. We multiply all these polynomials to get the A-polynomial of N, which we 

denote by A^^b- (It depends on the choice of the basis B.) 

If K is a null-homologous knot in a three manifold Y, we can take TV" to be the knot 
complement. There is a natural basis B for the boundary group: the meridian and the 
longitude (see Fact I2.TJ) . The A-polynomial Ak of the knot K is defined to be A N g . 

In [3] and [12] ,, Dunfield-Garoufalidis and Boyer-Zhang independently proved that: 

Theorem 1.2 (Dunfield-Garoufalidis, Boyer-Zhang [3].|12]). For a non-trivial knot K in 
S 3 , we have Ak =£1 — 1. 
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Remark 1.3. The reducible representations of the knot group always give an factor I — 1 
of the A-polynomial. The A-polynomial of a trivial knot is exactly I — 1. Therefore, we 
say a knot K has non-trivial A-polynomial if Ak ^ I — 1. 

Both Dunfield-Garoufalidis's and Boyer-Zhang's proofs make use of the following theo- 
rem. 

Theorem 1.4 (Kronheimer-Mrowka [5]). . For a non-trivial knot K in S 3 , let Y r (r E QJ 
be the manifold obtained by doing r-surgery along K. If \r\ < 2, then ni(Y r ) admits some 
SU{2) representation with non-cyclic image. 

This theorem is proved using techniques from SU(2)-g&uge theory, namely holonomy 
perturbations. Holonomy perturbations were used by Floer in [9] to prove the surgery 
exact triangle. In fact, using holonomy perturbations, we can prove Theorem 11.21 directly. 
Moreover, we can prove something stronger. 

The following are the main theorems of this paper. 

Theorem 1.5. Suppose K is a null-homologous, nontrivial knot in an orientable, closed, 
irreducible 3-manifold Y . If Ak = 1 — 1, then there exists an homomorphism p : iri(Y) — > 
SU{2) such that p([K]) = -1 e SU{2). 

Theorem 1.6. For a null-homotopic, nontrivial knot K in any orientable, closed, irre- 
ducible 3-manifold Y , we have Ak ^ I — 1 . 

We have the following question. 

Question 1.7. Does any null-homologous knot in an irreducible 3-manifold have non- 
trivial A-polynomial? 

If we restrict to knots in S 3 , Kronheimer and Mrowka's argument in [5] implies that 
the zero set of A-polynomial intersects the unit torus in some arcs. We give the concise 
statement: 

Theorem 1.8. let K be a non-trivial knot in S s . Then given any complex number I with 
\l\ = 1, we can find another unit length complex number m such that AK(l,rn) = 0. 

Remark 1.9. Theorem \1.8\ gives strong constraints on the A-polynomial: for a generic 
polynomial, its zero set intersects the unit torus at some isolated points. This is ruled out 
by Theorem \1.8l 

In section 2, we review some preliminaries and basic constructions related to holonomy 
perturbations and non-vanishing theorem of critical points. In section 3, we prove the 
main theorems and give some examples. 

Acknowledgement The author wishes to thank Nathan Dunfield, Hans Boden and Yi 
Ni for valuable discussions and comments. The author is especially grateful to Ciprian 
Manolescu for inspiring conversations and helpful suggestions in writing this paper. 

2. Preliminaries 

In this section, we review some of the constructions related to holonomy perturbations. 
Most of the details can be found in [5] and |8]. 
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2.1. Holonomy perturbation. M is a closed, oriented 3-manifold with b\(M) > 0. 
Consider a rank 2 unitary bundle E over M with non-torsion c\ (E) . Let qe be the bundle 
whose sections are traceless, skew-hermitian endomorphisms of E. Let A be the affine 
space of 50(3) connections of qe- Let Q be the group of gauge transformations on E with 
determinant 1. 

Fix a reference connection Ao on qe- For any connection A on qe, denoting A — Aq by 
w, we have the Chern-Simons functional: 

CS : A -> R 

1 /" 2 

CS(A) = - Tr(u A du + -u> A u> A u) 

The critical points of the Chern-Simons functional are the flat connections. 
Floer defined a class of perturbations of the Chern-Simons functional as follows. We 
take a function <f> '■ SU{2) — > R which is invariant under conjugation. It is uniquely 

determined by the even, 27r-periodic function f(x) := <p ( e " % x J. Let I? be a compact 

2-manifold with boundary. Consider an embedding of D x S l in M such that qe is trivial 
over it . Fix a trivialization of qe over D x S 1 and take a 2-form jjl which is supported in 
the interior of D and has integral 1. Using the trivialization, we can lift A to a connection 
A on the trivialized SU(2) bundle over D x S . Consider: 

$ :A->R 

9(A) = f <I>(HoI {p}xS1 (A))(jl(p) (2) 

JpeD 

In this paper, we specialize D to be a disk D 2 or an annulus H. In the case of the 
disk, let zq G dD 2 be a base point. We define the curves a and /3 to be 3D 2 x {0} and 
{zq} x S 1 respectively. In the case of the annulus, we denote the two components of dH 
by ci, C2 and choose base points z% E Q. Then for i = 1, 2, we define a^, fy C 9(i? x S* 1 ) to 
be Ci x {0} and {zi} x 5 1 respectively. 

Now we consider the perturbed Chern-Simons functional: CS + $ : ^4 — >• R. 

The critical points can be completely described by the following lemmas. The first was 
proved by Floer. The second follows from similar arguments. For completeness, we sketch 
the proof for the second lemma. See [Sj for details. 

Lemma 2.1 (Floer [8]). If D = D 2 and A G A is a critical point of CS + $, then: 

1) A is flat on M - (D 2 x S 1 ) 

2) After a suitable trivialization of g D 2 xS i, Hol a (A) = ( e ' T _? lT ), Holp(A) = ( e ™ _?„ 
and t = f'{y) + 2vrZ 

Lemma 2.2. If D = H and A £ A is a critical point of CS + <]?, then: 

1) A is flat onM - (H x S 1 ) 

2) The SU(2) connection A is reducible and we can chose a suitable trivialization o/gj^x^i 
such that: 
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,iu 



HolpM) = Hol P2 {A) = y ( , ,- 

Moreover, we have: 

n - r 2 = /'(i/) + 2^Z (3) 

Proof. Let P be the trivialized SU(2) bundle over H x S 1 and gp be the vector bundle 
associated to the adjoint representation. For p £ H, denote {p} x S 1 by /3 p . For a point 
a = (,P,l) £ H x S 1 , we consider the holonomy of A along (3 p . Let us denote it by T A {a). 
This is an automorphism of the fiber of P over a. Thus T A define a section of ^4«t(P). It 
is easy to check that the gradient (y$)(T A ) defines a section of Qp. Now A is a critical of 
CS + $. It is proved in [8] that: 

F A = <f/(T A )» (4) 

Using this, we can deduce that the holonomy along /3 p does not depend on p and 
V A {T_ A ) = (see [8]). If T A (a) = ±1 for any a € H x_S 1 , then <j/(T A ) = 0. By equation 
(J3J), A is flat. Since 7Ti(iI x S" 1 ) is abelian, we see that A is reducible. Suppose T A (a) ^ ±1 
for some a £ H x S 1 . Since V^T^) = 0, we have T|(a) 7^ ±1 for any a € H x S 1 . Thus 
the existence of this section tells us that A is also reducible in this case. 

Because A is reducible, we can choose a suitable trivialization such that A = a- ( g ^ ) for 
some one form a E J7 1 (i? x S" 1 ) . Since the holonomy along f3 p does not depend on p, we can 



assume that Holg p (A) = ( e ™ ® iv j for any p. In particular, we have Hol^ (A) = ( e ™ _°„ 
for i = l,2. Then formula ([!]) becomes: 

da = fiy)^ (5) 

By Stokes' theorem, we have J a a — f a a = f Hx t \da = f(v). It is easy to see that 
Ti = j o. Therefore, we proved the lemma. □ 

The following theorem was first proved in [S] and |7j. 

Theorem 2.3 (Kronheimer-Mrowka [5], [7]). Let M,E,qe be defined as before. If M 
admits an oriented taut foliation and is not S 2 x S 1 , then for any holonomy perturbation 
$ ; the perturbed Chern-Simons functional CS + $ over E has at least one critical point. 

This highly nontrivial theorem is a corollary of several theorems. We only sketch the 
proof here. For details, see [5] and [7j. If M admits taut foliation, then by the work by 
Eliashberg and Thurston in |13| and [13], M can be embedded in an admissible symplectic 
four manifold X. [5] proved that X can be chosen to satisfy several good conditions such 
that it satisfies Witten's conjecture relating Seiberg-Witten invariants and Donaldson 
invariants by the Feehan and Leness's work (See [7] and [9]). Because X is symplectic, 
its Seiberg-Witten invariants are non-trivial by Taubes's non- vanishing Theorem in [10J. 
From Witten's conjecture, it follows that the Donaldson invariants D v x are non-trivial 
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for any line bundle v on X. Then by a standard stretching argument, the perturbed 
Chern-Simons functional has at least one critical point. 
The following two theorems are proved by Gabai. 

Theorem 2.4 (Gabai [2]). Let M be a closed, orientable, irreducible 3-manifold. If 
b\{M) > 1, then M admits a taut foliation. 

Theorem 2.5 (Gabai [2]). Suppose K C S" 3 is a non-trivial knot and Yq is obtained by 
doing 0-surgery along K . Then Yq admits orientable taut foliation and is not S 2 x S 1 . 

Combining these theorems we get: 

Corollary 2.6. If M is irreducible with b\(M) > 1 or M is the 0-surgery manifold for 
a nontrivial knot in S 3 , then for any holonomy perturbation, the perturbed Chern-Simons 
functional has a least one critical point. 

2.2. The ,S'[/(2)-Pillo'wcase. Now suppose K C Y is a null-homologous knot in an ori- 
entable closed three manifold Y. Let N(K) denotes the open tubular neighborhood of K. 
Unless otherwise stated, all homology groups are considered with Z coefficient. Using the 
Mayer- Vietoris sequence, it is easy to prove: 

Fact 2.7. The meridian m C d(Y — N{K)) is a primitive, nontorsion element in H\{Y — 
N(K)). Also, we can find a unique longitude I such that [I] = G Hi(Y — N(K)) and 
([m], [I]) forms a basis for H x {d{Y - N(K))). 

Let Y r {r € Q) be the manifold obtained by doing r-surgery along K. It is easy to see 
that Hi{Y Q ) = H 1 (Y- N(K)). 

Suppose that the attached solid torus is Nq C Yq with core c. Then Yq — Nq = Y—N(K). 
Now we consider a trivialized rank-2 unitary bundle E over Y — N(K). Let g^ be the 
bundle whose sections are traceless, skew-hermitian endomorphisms of E. Consider the 
flat connections A on qe- Using the trivialization, we can lift A to a connection on the 
trivialized SU{2) bundle P over Y — N{K). Denote this connection by A. 

The following fact is standard: 

Lemma 2.8. By taking the holonomy of A, we get a 1-1 correspondence between flat con- 
nections on qe modulo gauge transformation and homomorphisms pa '■ iri(Y — N(K)) — > 
SU(2) modulo conjugation. 

Because m and I are commutative as elements in tti(Y — N(K)), we can do conjugation 
such that Hol m (A) and Hoi; (^4) are both diagonal. 
Assume that 

/ Jd A n \ / Jva n \ 

HoWA) = { I e _Z J , B6Lp(A) = { I e _ Z J . (6) 

(There are some ambiguities here: (Oa,Va) are only well defined modulo involution 
(a, b) O (—a, —b) and translation (a, b) «-)■ (a, b) + 2ir1?.) 

Definition 2.9. For a null-homologous knot K C Y , we define the subset of (R/27rZ) 2 : 

Rk '■= {±(6U, tja) I A is a flat connection on Qe\y -n } 
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After checking the construction carefully and using Lemma \2l5[ it's easy to see that Rk 
can be also defined as: 

{(e, V )\3p:7r 1 (Y-K)^SU(2) S .t. p(m) = (f g J ) ; p(l) = ( f & J n ) } (7) 

Remark 2.10. Because m(Y — K) is finitely generated and SU(2) is compact, the SU(2) 
representation space of tti(Y — K) is compact. Thus Rk is a closed subset of (H/27rZ) 2 . 

Remark 2.11. If p is a reducible SU(2) representation of -K\(Y — K) , then p(l) = 1. Thus 
the points in Rk off the line n = 2kir give irreducible representations. 

The case Y = 5 3 of the following lemma is proved as lemma 13 in [5j. Although the 
general proof is essentially the same, we give it here for completeness. 

Lemma 2.12. Rk is invariant under the translation by (tt, 0). 

Proof. By Fact 12.71 there exists H\(Y — N(K)) — > Z 2 mapping m to — 1 and mapping I to 
1. Considering the composition of m(Y-N(K)) -> H X (Y-N(K)) ->• Z 2 -> 5C/(2), we get 
po : 7Ti(F-AT(ir)) -► 5*7(2) with the image in the center. For p : 7ri(y-iV(ir)) ->■ 5f/(2), 
we multiply it with po to get another representation p' . We have p(m) = —p'(m) and 
p(Z) = p'(l). Then we use formula (|7|) to prove the lemma. □ 

3. Proof of main theorem 

3.1. The general case. K C Y is a null- homologous, nontrivial knot in an irreducible 
3-manifold. We take two copies of Y — N(K) and denote them by Yj — N(Kj) (j = 1,2). 
We glue them onto a thickened torus T x [—1,1] using the same gluing map to get a closed 
manifold M. M is just the double of the knot complement. It's easy to see that b\ (M) > 
and the meridian is a non-torsion element in H\{M). 

Remark 3.1. We identified the torus T with d{Y — N{K)). Thus it make sense to talk 



about the meridian m CT and the longitude I C T by the Fact 2.1. 



Now we consider the rank-2 unitary E with c\(E) the Poincare dual of [m] € H\(M). 
We can get qe by the following procedures: 

• Construct trivialized 50(3) bundles over Yj - N{Kj) (j = 1, 2) and T x [-1, 1]. 
Denote them by gi, 02 and go respectively. 

• Choose a map / : T 2 -»■ 50(3) such that /* : 7ri(<9JV ) -► vn(50(3)) ^ Z 2 satisfies: 

/*(M) = [0], /*([/]) = [!]• (8) 

• Glue gi, go along T x {—1} using the identity map and glue go,g2 along T x {+1} 
using /. 

In order to do holonomy perturbations, we embed Hj X 5 (j = 1, 2) into M by i\, %i as 
follows: 

%\{H\ x 5 1 ) = T x [-1,0] and ii(* x 5 1 ) is parallel to I C T 2 x [-1,0], which means 
that we use the holonomy along the longitude to do perturbation $1. 

^2(^2 x 5* 1 ) = T x [0, 1] and z 2 (* x 5 1 ) is parallel to m C T 2 x [0, 1], which means that 
we use the holonomy along the meridian to do perturbation <1?2- 
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Now we consider the perturbed Chern-Simons functional, CS + $1 + $2 : A — > K,. 

Notice that we already have trivializations of qe when restricted to Yj — N{Kj) and 
T 2 x [—1,1]. Thus for a connection A € A, we can restrict A to these pieces and use 
the trivializations to lift it to trivialized SU(2) bundles. We have six loops: m x {j} c 
T 2 x [-1, 1] and I x {j} c T 2 x [-1, 1], j = -1, 0, 1. Denote them by raj, Zj. 

If A is a critical point of CS + $1 + $ 2 , denote by A the SU(2)-Mt of A| go . 

Since we only do perturbations in the interior of T x [0, —1] and T x [0, 1], we have 
A|tx{j} A a t f° r j = — 1)0,1. Taking the holonomy of A|y x j,-i, we get a representation 
Pi : 7n(T 2 ) -)• S£/(2). 

Notation 3.2. For (6,77) € (R/27rZ) 2 ; w;e denote by P(B,rj) the representation 7Ti(T 2 ) — >• 
SU(2) which maps m to l e% _?,„ J and £ to ( e "' ® in j . VFe writo p ~ p' if two represen- 
tations p and p' differ by a conjugation. It is easy to see that prg „) ~ prgi „a if and only if 
(9,r,) = ±(9',rf). ' 

Applying Lemma 12.21 to $1 with ol\ = ra_i,a:2 = rao,/?i = l-i,fa = Iq, we see that 
P-\ ~ P(9-i, V -i) and Po ~ P(6 ,vo) with: 

77-1 = % and 0_i - 6»o = /{(%)• (9) 

Applying lemma I2T21 to $2 with ai = lo,ct2 = h,Pi = mo, fa = m i> we see that 
Po ~ ^0,%) and ^ ~ ^i.iO with: 

O = 01 and 770 - 771 = /^(0i). (10) 

Remark 3.3. Recall that we choose <f>\,<f>2 '■ SU{2) — » R to define <&i and $2. Taey give 

We can also use the trivialization of Qj(j = 1, 2) to lift ^4 to flat SU{2) connections over 
Yj — N(Kj). Denote them by A\ and Ai- Because we glue gi, go using identity map, we 
have: 

HoL^l) = Hol m _ 1 (Ii),Holj_ 1 (A) = Hol^^lx) 

Since we glue go an d g2 using /, their trivializations do not agree on their com- 
mon boundary. Different trivializations of the SO(3) bundle give different SU{2) lifts 
of A|tx{2}- By formula (EJ) , it is easy to check: 

Hol mi (2) = Hol mi (l 2 ),Hol Zl (2) = -Rol h (A 2 ) 

Notation 3.4. Let S C (R/2Z7r) 2 be a subset. If h is an function with period 2n, we 
denote the set {(6,r] + h(9))\(9,rj) £ S} by S+(*,h) and the set {{9 + h(r)),rj)\(9,r}) € S} 

by S + (h, *). We also denote the set {(9 + a,n + b)\(9, 77) € S} by S + (a, b) for constant 
a, b. 

By Definition 12.91 and the discussion above, we see that 

(0-uv-i)eRK,(Oi>m.)eRK + (o,ir). (11) 
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By formula ©, we have (0 o ,Vo) G Rk + (-/{,*)■ Since /0(e 0l% ) ~ Po ~ P{e ,f, y we 
have (^Oi^o) = i(^Oi r /o)- Notice that i?x + (— /i>*) is symmetric under the reflection 
at (0,0). We have (#0,770) G ifo + (-/i,*)- By formula ([10]) . we see that (#1,771) G 
i?^- + (— /{, *) + (*, — /g). Thus (0i, 771) is an intersection point of Rk + (— f[, *) + (*, —f'2) 
and i?x + (0, 7r). We get the following important proposition. 

Proposition 3.5. Suppose that Rk + (—/{,*) + (*, —fy) does not intersect Rk + (0,vr) ; 
then the perturbed Chern-Simons functional CS + $1 + $2 has no critical point. 

Now we are ready to prove Theorem 11.51 




O 
D 



points in Rk 

points in Rk + (<7i, *) 

points in R K + (gi,*) + (*,£te) 

points in Rk + (0, ix) 



Figure 1. 



Proof. Suppose K has trivial A-polynomial. Then Rk \{j] = 2kir} has only finitely many 
points by Lemma [LT] If there exists no representation n±(Y) — > SU(2) mapping if to —1, 
then (0,7r) ^ Rk- By lemma [2.121 (kn. ±7r) £ Rk- So, we can choose a odd, 27r-periodic 
function g± such that the curve {51(77) = 0,0 < 77 < 2n} does not intersect Rk- Then 
Rk + (<?i> *) does not intersect {6 = kn, < n < 2tt}. This can be done because there are 
only finitely many points to move away form the lines {6 = kir, < n < 2n} and none of 
the them have 77 component equal to ir. We find another odd, 2-7r-periodic function g<i such 
that Rk + (51, *) + (*, 52) does not intersect the translation Rk + (0, 7r). This can be done 
because Rk + (</i, *) has only finitely many points outside the line = 2kn and none of 
them have 9 component equal to kir. Rk + (0, tt) has only finitely many points off the line 
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6 = tt. We can move these discrete points away from the one dimensional components. 
As long as I52I < § , the one dimensional component of Rk + {gi, *) + (*, 52) and that of 
Rk + (0, 7r) do not intersect. 

Then we find even, 2-7r-periodic functions /i,/2 such that /' = — gj and use them 
to define perturbations <&j. By Proposition 13.5} the perturbed Chern-Simons functional 
CS + $1 + $2 has no critical point. 

If K is nontrivial and contained in a 3-ball in Y, then K has nontrivial A-polynomial by 
Theorem ll.21 UK is not contained in a 3-ball, Y — N(K) is irreducible and the boundary is 
incompressible. Doubling an irreducible three manifold along its incompressible boundary, 
we get another irreducible manifold. Therefore, M is irreducible with b± (M) > 0. By 
Corollary |2.6l the fact that C5+$i+$2 has at least one critical point gives a contradiction. 

□ 

Theorem 11.61 is a trivial corollary of Theorem 11.51 Here are some other corollaries. 

Remark 3.6. If K is null homotopic, then it is easy to see that Rk has no points on the 
line 9 = 0, < 77 < 2tt. Therefore, we just need the perturbation $2 if we only want to 
prove Theorem \1.6\ 

Corollary 3.7. If K is a non-trivial, null-homologous knot in an irreducible, orientable 
3-manifold M and tti(M)/(K) has no 50(3) representation with non-cyclic image, then 
Ak 7^ I — 1. In particular, if tti(M) has no non-cyclic 50(3) representation, then any 
null-homologous, nontrivial knot has nontrivial A-polynomial. 

Proof. Suppose K has trivial A-polynomial, then there exists p : m(M) —$■ SU{2) such 
that p{K) = —1. The representation p induces a 5 r O(3)-representation of tti(M) which 
factors through tt\{M)/(K). By our assumption, this representation has cyclic image 
and so does p. Thus p factors through H±(M), which is impossible because K is null 
homologous and p(K) 7^ 1 □ 

Example 3.8. If K <Z M is a non-trivial knot in Poincare homology sphere and 2 [if] 7^ 
e G vri(M), then A K / I - 1. 

Example 3.9. Let K C Y\ be a non-trivial knot in Y\, where Y\ is the manifold obtained 
by doing 1-surgery along some knot K' in S 3 . If K is homotopic in Y\ to the meridian of 
S 3 - K' then A K ^l-l. 

The following example is given by Dunfield: 

Example 3.10. Let Y be the ^-surgery manifold on (-2,3,7)-pretzel knot. Then tti(Y) 
admits no non-cyclic 50(3) representation. Therefore any nontrivial null-homologous knot 
K C Y has non-trivial A-polynomial. 

3.2. The S 3 case. Now let's go back to S 3 and use the technique in [5] to prove Theorem 
11.81 Let K be a non-trivial knot in S 3 . By Remark 11.31 we can assume that Aj^(m, I) = 
(I — l)f(m,l). By Theorem ll.21 we have f(m,l) 7^ 1. Denote the algebraic curve defined 
by f(m,l) inCeCby C. 

Consider its intersection with the unit torus T 2 = {(m, Z) | \m\ = \l\ = 1}. It is a close 
subset of the torus. The following fact is straight forward by Lemma 1 1.1 1 and formula [7[ 
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Lemma 3.11. If (9,n) G Rr and 77 7^ 2kir, then either [e %e , 
component of h~ l (Im(r)) or (e l8 ,e vri ) G CP\T 2 . 



z ir] ) is a 0- dimensional 



Now we can prove Theorem 11.81 

Proof. Suppose for some unit length Iq = e ir10 (770 G [0, 27r)), we can't find rao = e l6, ° such 
that /(mo, Zo) = 0- Since C fl T 2 is a compact set, there exists e > such that this holds 
for any i]' G [770 — e, 770 — e] • Thus we can assume that 7/0 7^ and the line {7 = e ir, ° } C C © C 
does not pass through the 0-dimensional components of /i _1 (Im(r)). By Lemma 13. Ill we 
see that Rk does not intersect the line rj = rj . Thus the translation Rk + (0, —tt) (denote 
it by Sk) does not intersect the line rj = tjq — tt. By Definition 12.91 Sjc is symmetric under 
the reflection at the origin. Thus Sk does not intersect the line rj = n — rjQ. We assume 
that r/Q > tt for convenience and the other cases can be proved similarly. Now consider 
the following line segments: 

• d = {(0,770 -7r)|0e[O,7r]}; 

. C2 = {(M-%)|0e[-7r,o]} ; 

• c 3 = {(0,7?)|77 G [vr-r/,770 -7r]; 

• C 4 = {(VT,7/)|7/ e [0,7?o-7r] 

• C5 = {(-7T,7/)|7/ G [TT- 7/0,0]} 




(-*. 0) 



f'l 



^3 



f'l 



(0,0) 



(«,0) 



Ch 



(■2 




Figure 2. 

By the discussion before, Sk does not intersect c\ and 02- Since S 3 is simply connected, 
Sk does not intersect 03,04,05. We can joint all these segments to get a broken line 
from (— 7T, 0) to (tt, 0) and passing through (0,0). By Remark 12.101 we can fi n d a small 
neighborhood N of this broken line such that Sk Pi N = 9. It is easy to see that we can 
find an odd, 27r-periodic function g : [—it, tt] — > (—tt, tt) such that the graph of g lies in N. 



THE A-POLYNOMIAL AND HOLONOMY PERTURBATIONS 11 

Thus Sr does not intersect the graph of g. We can find an even function / : [— ir, n] — > H 
with period 2tt satisfying /' = g. 

We consider the rank-2 unitary bundle E over Yq (recall that Yq is the 0-surgery manifold 
along K) with c\{E) the Poincare dual of the meridian. We do a holonomy perturbation 
along the surgery solid tours in Yq using the even function /. By Lemma 12. 11 the critical 
points of the perturbed Chern-Simons functional correspond to the intersection of Sk with 
the graph of g, which is empty. (We have Sk instead of Rk here, because E has nontrivial 
first Chern class.) So the perturbed Chern-Simons functional has no critical points. This 
contradicts Corollary 12.61 □ 



This theorem has the following corollary, which was also proved by Boden in [15] : 
Corollary 3.12. For any nontrivial knot K C S 3 , deg M A(M,L) ^ 0. 

References 



[»: 

[io; 

[12. 



A.Floer, Instanton homology and Dehn surgery. The Floer memorial volume, Progr. Math., vol.133, 
Birkhauser, Basel, 1995,pp. 195-256 no. 3, 77-97. 

D.Gabai, Foliation and the topology of 3-manifolds. J. Differential Geom. 26(1987), no. 3, 479-536. 
Nathan M. Dunfield, Stavros Garoufalidis, Non-triviality of the A-polynomial for knots in 5 3 . Algebr. 
Geom. Topol. 4 (2004), 1145C1153. 

Y.Ni, Link Floer homology detects the Thurston norm. Geom. Topol. 13, No.5, 2991-3019 (2009). 
P.B.Kronheimer, T.S.Mrowka, Dehn surgery, the fundamental group and SU(2). Math. Res. Lett. 11 
(2004), no. 5-6, 741C754. 

P.B.Kronheimer, T.S.Mrowka, Embedded surfaces and the structure of Donaldson's polynomial invari- 
ants, J. Differential Geom. 41(1995), no.3,573-734. 

P.B.Kronheimer, T.S.Mrowka, Witten's conjeture and Property P, Geom. Topol. 8(2004) 295-310. 
P.J.Braam and S.K.Donaldson, Floer's work on instanton homology, knots and surgery. The Floer 
memorial volume, Progr. Math., vol.133, Birkhauser, Basel, 1995, pp. 195-256 
P.M.N.Feehan and T.G.Leness, A general SO(3)-monopole corbordism formula relating Donaldson 



and Seiberg-Witten invariants. Preprint, arXiv:math.DG/0203047 ( 2003 



C.H.Taubes, The Seiberg-Witten invariants and symplectic forms, Math. Res. Lett. 1(1994), no. 6,809- 

822. 

D.Cooper, M. Culler, H.Gillet, D.Long and P.Shalen, Plane curves associated to character varieties of 

3-manifolds. Invent. Math. 118(1994) 47-84. 

S. Boyer and X.Zhang, Every nontrivial knot in S z has nontrivial A-polynomial. Proc. Amer. Math. 

Soc. 133 (2005), 2813-2815. 
[13] Y. Eliashberg, Few remarks about symplectic filling. Geom. Topol. 8 (2004), 277C293. 
[14] Y. Eliashberg and W.Thurston, Confoliations. University Lecture Series, no. 13, American Mathe- 
matical Society, (1998). 
[15] H. Boden, Nontriviality of the M-degree of the A-polynomial,to appear in Proceedings of the American 

Mathematical Society. 

Jianfeng Lin 

Department of Mathematics, University of California Los Angeles, Los Angeles, US 

juliuslin@math.ucla.edu 



